Abstract-In this paper, a nonlinear controller is proposed for a three-phase rectifier so that its input current does not exceed a given limit. At the same time, the proposed controller can achieve accurate dc output voltage regulation and reactive power control independently from system parameters including the load during the normal operation. Using the generic dq transformation and the nonlinear model of the rectifier, the boundedness and the current-limiting property of the closed-loop system are proven using Lyapunov methods and the input-to-state stability theory. Moreover, an analytic framework for selecting the controller parameters is presented and the current limitation is proven for both the cases with L and LCL filters at the input of the rectifier. Different from existing approaches, the current-limiting property is achieved without external limiters, monitoring devices, or switches and is incorporated in the control dynamics, independently from the type of the load (linear or nonlinear). Extensive real-time simulation results are provided to verify the effectiveness of the proposed strategy.
applications [1] , [6] . Using the voltage-oriented control approach and the Park transformation, traditional control methods have been designed to include a single proportional-integral (PI) controller for achieving the desired unity power factor and a cascaded PI controller for regulating the dc output voltage [7] [8] [9] [10] . The inner loop is often replaced with hysteresis controllers, especially in virtual-flux-based control methods [11] , [12] , while intelligent control methods have been also proposed to improve the rectifier's performance [13] , [14] . Recently, direct power control has been applied to three-phase rectifiers that is based on a predefined look-up table, but apart from its simple structure, it often produces high-power ripples and introduces a variable switching frequency [15] , [16] . Although traditional control methods may result in a stable system using small-signal modeling or by considering several assumptions [17] , [18] , most of the above methods lack of rigorous nonlinear stability proof for the closed-loop system, which is of major importance in smart grids. Since the three-phase rectifiers are inherently nonlinear systems, the nonlinear closed-loop stability is often difficult to prove.
Based on the nonlinear dynamic model of the rectifier, passivity-based [19] , [20] , and advanced nonlinear controllers, mainly based on feedback linearization [21] [22] [23] , have been proposed to guarantee asymptotic performance. However, the resulting control scheme is often complicated, difficult to implement and depends on most of the system parameters, thus, reducing the applicability of these methods in practice. Moreover, the stability of three-phase rectifiers should also consider the physical limitations of the converter. For example, the grid current and consequently the dc output voltage should be maintained below some given values, since external disturbances or undesired oscillations during transients can be catastrophic for converters [24] , [25] . Although some nonlinear controllers with a proven stability bound have been designed [26] , [27] , a given limit for the grid current below a specific value is still not guaranteed. The current-limiting property is crucial to maintain a stable and reliable operation of rectifiers during transients, since high currents can damage the device and the load. A currentlimiting method for single-phase rectifiers or inverters has been recently reported in [28] , [29] , but the concept cannot be directly extended to three-phase rectifiers using the dq modeling, mainly due to the coupling between the d and q components and the different model description. Although the traditional control methods based on single and cascaded control can be equipped with additional limiters and saturation units to achieve a current-limiting function, they suffer from integrator windup and instability [30] , [31] . These approaches require antiwindup techniques that further complicate the system and consequently the stability analysis. Particularly, traditional antiwindup methods lack of a rigorous stability analysis, while modern antiwindup techniques require knowledge of the system parameters [32] , [33] . In addition, traditional current-limiting approaches apply the saturation unit at the output of the outer loop that guarantees a limit for the reference value of the current but not for the transient response. The main goal of this paper is to design a controller for a three-phase rectifier that maintains the grid current below a given limit at all times (even during transients), achieves dc output voltage regulation and power factor control, acts independently from system parameters, and guarantees nonlinear closed-loop stability.
To this end, the generic nonlinear dynamic model of the threephase rectifier is first obtained. Initially, a resistive load is considered at the output of the rectifier for simplicity, but later the results are extended to power converter-fed loads that are commonly found in a smart grid. Although almost in all applications the axis α of the stationary frame is oriented with the phase a of the grid voltage [1] , in this paper, the generic αβ transformation is used, which offers a significant advantage in the proposed control design. Based on the generic synchronously rotating dq nonlinear model of the converter, a parameter-free current-limiting nonlinear controller is proposed and analyzed with the Lyapunov methods, motivated by the recently proposed bounded integral controller in [34] . It introduces bounded dynamic virtual resistances in the dq dynamics of the input current, which leads to a current limited by a given maximum value for the three-phase rectifier. The current-limiting property of the controller is independent of the filter inductor, the dc capacitor, and the load. Using the input-to-state stability theory [35] , it is analytically proven that the closed-loop dq current responses are bounded and the root-mean-square (rms) value of the input current is always kept below a given limit. The current limitation is achieved without removing the coupling terms in the dq current dynamics. This operation is achieved without additional switches or monitoring devices and the proposed controller remains a continuous-time dynamical system that facilitates the stability analysis. Since modern power networks require a flexibility in controlling the reactive power and not necessarily achieve unity power factor [1] , the proposed controller is proven to guarantee accurate reactive power regulation as well. The case with an LCL filter is also investigated and the proposed controller is slightly modified to guarantee that even in this case, the input current remains limited and the closed-loop system remains stable. Extensive real-time simulation results are provided to verify the effectiveness of the proposed method under changes of the load and the reactive power for both a resistive load and a power converter-fed load.
Overall, the proposed controller introduces significant differences compared to existing current-limiting strategies. Traditional current-limiting controllers that consist of a saturation unit in the reference of the inner current controller result in the following: 1) only the reference current is limited, which means that the actual current can violate the limit during a transient, 2) saturation can lead to integrator windup for the outer loop controller (voltage or power controller) and consequently to continuous oscillations and instability [30] , [31] . The proposed controller does not require a saturation unit, current-limitation is guaranteed using nonlinear stability theory that leads to a limit of the current during transients and it does not suffer from integrator windup or instability.
II. SYSTEM MODELING
The system under consideration is a three-phase rectifier, as shown in Fig. 1 . Initially a resistive load R L is considered at the output of the rectifier but later the analysis is extended to more complicated power converter-fed loads. The rectifier consists of a boosting inductor L s with a small parasitic resistance r s in series for each phase, a dc output capacitor C and six controllable switching elements that are capable of conducting current and power in both directions and operate using PWM. The input voltages and currents of the rectifier are expressed as v i and i i , i = a, b, c, respectively, while the output dc voltage is denoted as V dc . The rectifier is supplied by a three-phase balanced grid with
where U rms is the rms grid voltage and θ = ωt, with ω being the grid frequency. In order to obtain the dynamic model of the system, the average system analysis [19] and the dq transformation [1] can be used for the three-phase voltages and currents. Here, the generic αβ transformation [36] with
is first applied to transform the three-phase abc frame to the stationary αβ frame, where θ α is the angle between the a− and α-axes. Then, the αβ frame is transformed to the synchronously rotating dq frame using the rotating transformation with
where θ g denotes the angle between the α− and d− axes, as shown in Fig. 2 . Note that in Fig. 2 , all the angles θ, θ g , and θ α are calculated clockwise. Therefore, the d and q components of the grid voltages are
Since θ g and θ synchronously change at the same speed, the difference θ g − θ is constant and if θ g − θ = 0, then
In most applications, the α axis is aligned with the a axis [1] , i.e., θ α = 0, which results in U d = √ 2U rms and U q = 0. However, in this paper, the generic transformation is considered, which is shown in the sequel to be necessary for the proposed control scheme.
Following [19] , the dynamic model of the rectifier in the synchronously rotating dq frame can then be found as
where U d , U q and I d , I q are the d and q components of the grid voltages and input currents, respectively, and T , respectively. The dynamic model of the three-phase rectifier is obviously nonlinear due to the multiplication of the control inputs with the system states, which increases the difficulty in the control design and the stability analysis. For a balanced and stiff grid, U d and U q are constant with values depending on the angle θ α of the transformation T αβ , as shown in (1) and (2) .
Using the d-and q-quantities, the real and reactive power drawn by the rectifier are
When θ α = 0, U d = √ 2U rms and U q = 0. Then for unity power factor operation, i.e., Q = 0, the current I q should be controlled to be zero [19] . However, for a generic voltage orientation, the reactive power control should be achieved using the generic expression (4).
III. PROPOSED NONLINEAR CONTROLLER

A. Controller Design
The basic idea of the proposed nonlinear controller is to operate the rectifier as a system with variable virtual resistances w d and w q in the d-and q-axes, respectively, that change dynamically within given ranges. To this end, the control signals, i.e., the duty-ratio control inputs m d and m q of the rectifier, are designed as and the virtual resistance w q is responsible for the regulation of the reactive power Q to the desired value Q ref .
However, both virtual resistances should be bounded in a given set to guarantee the stability of the closed-loop system and the current-limiting property, independently from the values of V dc or Q. Note that Q is an expression of the system states, which further complicates the analysis and the desired property for w d and w q . Motivated by the bounded integral control structure recently proposed in [34] , in order to avoid using saturation units that often lead to integrator windup and instability, the proposed control dynamics adopts the virtual resistances w d and w q that are designed to satisfyẇ controller states that are required for the stability analysis of the system, as it is analyzed in the sequel using the Lyapunov theory. The complete implementation diagram of the proposed controller is shown in Fig. 3 . The initial conditions of the controller states are defined as w d0 = w q 0 = w m , w dq0 = w qq0 = 1. It should be noted that the proposed method is significantly different from existing techniques that apply a virtual impedance since the controller dynamics are embedded inside the virtual resistances w d and w q .
The w d dynamics (7) are investigated at first by considering the Lyapunov function candidate
Taking the time derivative of (9) with the consideration ofẇ d andẇ dq from the dynamics (7), there iṡ
This clearly shows thatẆ d is 0 on the ellipse
and on the axis w dq = 0, positive inside the ellipse and negative outside of the ellipse. This means that starting with any initial conditions on the ellipse W 0 , e.g. w d0 = w q 0 = w m , w dq0 = w qq0 = 1, the controller states w d and w dq always stay on W 0 for t ≥ 0, as illustrated in Fig. 4(a) . Hence, it is guaranteed that
Using the transformation w d = w m + Δw m sin φ, w dq = cos φ, then from (7), there iṡ
which shows that w d and w dq move on the ellipse W 0 with the angular velocity given by (10) . Therefore, if V dc approaches V ref dc thenφ → 0, which means w d and w dq stop moving and converge to the desired equilibrium, i.e., the proposed controller is capable of regulating the dc output voltage.
Note that starting from point (w m , 1), the controller states w d and w dq only move on the upper semi-ellipse of W 0 without moving around the ellipse because if the states try to reach the horizontal axis, i.e., w dq → 0, thenφ → 0 according to (10) , as shown in Fig. 4(b) . Therefore, the reactive power regulation can be also achieved. 
B. Closed-Loop System Stability
while the dc output voltage dynamic equation becomes
where Fig. 5 shows the equivalent circuit of the closed-loop system.
For system (11) and (12) , consider the Lyapunov function candidate
After taking into account (11) and (12),
where
which means that system (11) and (12) is input-to-state stable (ISS) [35] with respect to the grid voltage vector U . Since for a balanced and stiff grid the values of U d and U q are bounded, the d and q currents I d and I q remain bounded for all t ≥ 0 as well.
Additionally, as shown in the previous section, all controller states w d , w dq , w q , ware bounded as well since they are restricted on a given ellipse W 0 . Therefore, the remaining dynamics of the dc side (13) can be rewritten as
Note that system (16) can be seen as a linear time-invariant system with state V 2 dc and input P o , which is obviously bounded-input bounded-state stable. Since w d , w q are bounded and also I d and I q are bounded from the ISS property (15) , then P o is bounded. Therefore, V 2 dc , and consequently V dc , is bounded. As a result, the closed-loop system so-
Moreover, since I = [
T , then taking into account the dq transformation, it results in
For
it is proven from the ISS property (15) that if initially the current is below the maximum allowed RMS value I Hence, the input current of the rectifier is always limited below I max rms with the appropriate choice of w min given in (19) and the rectifier is protected at all times. By maintaining a lower limit for w d and w q from the proposed dynamics (7) and (8), both the closed-loop system stability and the desired current-limiting property are achieved. Since the dynamics (7) and (8) are analyzed using the Lyapunov theory, the required bounds for w d and w q are guaranteed without applying additional saturation units. In addition, the proposed controller slows down the integration near the limits, and therefore, it does not suffer from integrator windup issues, which may lead to instability. This is a crucial property that distinguishes the proposed controller with traditional current-limiting approaches that incorporate current saturation units.
Since the ellipse W 0 is a closed curve and the selection of w min corresponds to the maximum current I max rms , the selection of w max corresponds to a minimum input current I min rms , i.e.,
Note that since the controller should be able to operate the system for the cases of large values of the load R L or even without a load connected to the rectifier output, i.e., R L = ∞, then I min rms can be chosen arbitrarily small (around mA or μA) to cover the parasitic losses of the switching elements, the inductors and the capacitor. It is noted that when I rms → I max rms then w d → 0 or w q → 0. This means that w dq → 0 or w→ 0 and from (7) and (8) it results inẇ d → 0 orẇ q → 0, respectively. This means that the integration slows down. Additionally, the controller remains as a continuous-time system, which facilitates the stability analysis.
Since I rms < I max rms holds true and the grid voltage is stiff, i.e., U rms is constant, then the proposed controller guarantees a given bound at the apparent power S < S max (22) where S = 3U rms I rms and S max = 3U rms I max rms . By neglecting the small resistance r s of the filter inductors and the rectifier losses, then from the power balance between the ac and the dc sides, at the steady state, there is
Taking into account that V dc ≥ 2 √ 2U rms for linear modulation and sinusoidal PWM operation [36] , then a minimum value of the resistive load can be obtained as
This inequality makes sense since for a smaller resistance, the input current cannot be limited below I max rms with any controller due to the boost function of the rectifier where the current can flow through the diodes.
Finally, since a limitation in the apparent power is guaranteed from (22) , when the current reaches the limit and the output voltage converges to V e dc = V ref dc , the reactive power would be regulated to
then the reactive power converges to Q e in order for the rectifier to guarantee the current limitation. In other words, the proposed controller is able to limit the current and consequently the apparent power automatically without modifying the control structure.
It becomes clear from (15) and (20) that the rms value of the rectifier current is limited below a value related to U 2 = 
Hence, given a maximum value max{U rms } and the choice of w min , the stability and the current-limiting property of the rectifier can be guaranteed.
C. Operation When the Load is Disconnected
One of the crucial properties that a three-phase rectifier should guarantee is to avoid instability when the load is disconnected from the rectifier (transition to no load operation). Considering the steady-state condition where V dc = V 
which makes the rectifier voltages equal to the grid voltages, i.e., V d = U d and V q = U q . Hence, both currents I d and I q become zero and the rectifier stops charging the output capacitor, thus, avoiding the output voltage to further increase. In practice, during this operation, the capacitor is discharged through the parasitic elements of the rectifier and the capacitor. When the load is reconnected, then the controller returns to its normal operation. This will be verified further in the results shown in Section V. The voltage V dc may increase too much but this can be easily addressed because most rectifiers are equipped with overvoltage protection in practice [37] . In addition, due to the very small values of the parasitic elements, it might take a long time for the capacitor to discharge. In such cases, choppers can be added to consume part of the stored energy that is injected into the rectifier during the transient.
D. Selecting the Controller Parameters
The controller parameters w min and w max can be selected according to (19) and (21) 
Additionally, the gain k is arbitrarily selected as a positive constant since it is multiplied with the terms (29) for a given maximum deviation of the reactive power ΔQ max . For systems with fast dynamics, the values of c d and c q can be significantly increased. Expressions (28) and (29) are obtained from the worst-case scenario to provide some starting values for the control parameters c d and c q , respectively.
Finally, the alignment angle θ α for the generic αβ transformation. If θ α = 0 or θ α = 90
• , then U q or U d is zero. In this case, for a typical unity power factor application, I d or I q should be regulated to zero that implies from (5) and (6) (4) that
For 
If the a axis is oriented very close to the α axis, i.e., θ α ≈ 0, then U q ≈ 0 and the reactive power is restricted to positive values from (31); if it is oriented close to the β axis, i.e., θ α ≈ 90 o , then the reactive power is restricted to negative values. As a result, in order to have the flexibility of controlling the reactive power in either positive or negative values even when the current is limited, the orientation should be selected somewhere between the two vertical axes α and β. It is, therefore, convenient to chose the orientation exactly in the middle of the two axes, i.e., θ α = 45 o . In this case, the reactive power can be controlled within the range of
It is underlined that the controller (7) and (8) are not affected by the choice of θ α since they require the calculation of the reactive power Q that will be the same independently from the αβ transformation and the virtual resistances w d and w q will remain bounded in a positive set to guarantee the desired stability and current limitation.
IV. CASE WITH AN LCL FILTER
The boosting inductance L s in each phase operates as a lowpass filter to reduce the high frequency of the input current i, caused by the switching operation of the three-phase rectifier. However, in many rectifiers, an LCL filter is often used to achieve better harmonic rejection. Denote the d and q axis components of the capacitor voltage of the LCL filter as V cd and V cq . Then, the rectifier current equations become similarly to (3) as
In order to guarantee the current-limiting property of the rectifier, the proposed controller (5) and (6) can be modified as
while the controller (7) and (8) will remain the same. In this case, by substituting (35) and (36) into (33) and (34), the closed-loop system equations become the same as (11) and (12), which means that the same analysis given in Section III holds and the rms value of the rectifier current is limited below I max rms .
V. VALIDATION VIA REAL-TIME SIMULATIONS
A. With a Resistive Load
In order to verify the proposed current-limiting nonlinear controller, a three-phase rectifier feeding a resistive load with parameters given in Table I is tested using an OPAL-RT real-time digital simulator with the actual switching model of the rectifier in real time with the step size of 8 μs. Ideally, the smaller step size is better but it is limited by the hardware. Nevertheless, the real-time simulations are conducted to verify the performance of the proposed controller in real time, as it could have been implemented in a hardware rectifier, compared to other simulation environments (e.g., MATLAB, Simulink, PLECS). Since the main application of a rectifier is to maintain a constant dc output voltage, the reference of the dc output volt- At t = 0.9 s, the load R L is changed to 100 Ω. In order to verify the current-limiting property of the controller, at t = 1.3 s, the load resistance is decreased further to 50 Ω and then back to 100 Ω after 0.4 s. Fig. 6 illustrates the performance of the rectifier under the given scenario. During the first 1.3 s, the dc output voltage and the reactive power are regulated at their desired values, even after the rapid change of the load or the reactive power reference. The transient response of the d and q components of the input current and the controller states is shown in Fig. 6(b) . At the time instant t = 1.3 s, when the load is decreased to 50 Ω, which leads to a high input current, it can be seen that the dc output voltage is regulated to a value slightly lower than the reference since the rms input current increases to nearly the limit I max rms . This is clearly shown in Fig. 6(a) , where the rms value of the current is regulated to a value slightly less than the maximum limit I max rms = 6 A, due to presence of the small parasitic resistance r s . Hence, I rms < I max rms is maintained at all times, which verifies the current-limiting property. When the load returns to 100 Ω at t = 1.7 s, the dc output voltage returns to its reference value after a transient. The slow response is due to the slow action of the controller, which mainly depends on the selection of the gains c d and c q . Further improvement of the transient response is a very interesting topic and will be examined in future work, since the main purpose of this paper is to introduce for the first time the current-limiting structure of the proposed controller. Since θ α = 45 o for the αβ transformation, then U d = U q = U rms , and therefore from (4), when the reactive power is set to zero it results in I d = I q = I rms . This is clearly depicted in Fig. 6(b) , where I d = I q when Q = 0 Var, as required by the unity power factor. Fig. 6(c) illustrates the phase portrait of the controller states w d , w dq and w q , w, respectively, where the theoretical analysis is verified since the controller states remain on the upper semiellipse of W 0 until they converge to the corresponding equilibrium points. The steady-state response of the system is shown in Fig. 7 . The switching ripples are visible in the current waveforms, although some additional noise is added due to the limitation of the OPAL-RT system with respect to the minimum time step required in order to obtain the results in real time.
In order to further validate the effectiveness of the proposed controller, while the load resistance is at its nominal value R L = 100 Ω, the entire load is suddenly disconnected to investigate the transition to the no-load condition. The response of the rectifier is shown in Fig. 8 . It can be seen, that the output voltage increases for a very short time, during which the controller states w d and w q converge to the maximum value w max , as discussed in Section III-C. Then both currents I d and I q become zero and stop charging the capacitor. This is clear from Fig. 8 where the instantaneous current is quickly reduced to a very small value around zero, without noticeable fundamental components. The rms value does not converge to zero due to the ripples in the current. However, it is clear that no current flows to the dc side since the capacitor voltage does not increase any further. After this operation, in practice, the capacitor is slowly discharged through the parasitic elements of the rectifier components. The over-voltage does not cause any problem to the load but this should be taken into consideration when selecting the devices. If needed, a simple over-voltage protection circuit can be added to limit the voltage increase. It should be highlighted that the faster the controller dynamics, i.e., for large c d and c q , the lower the dc output voltage increase, since both w d and w q converge faster to its maximum value w max . However, this can lead to a more oscillatory response under normal operation. This provides useful insights to further enhance the transient response of the controller in the future. When the nominal load is reconnected to the device after almost 0.1 s, the proposed controller leads the output voltage to its reference value after a short transient, as shown in Fig. 8 .
B. With a Converter-Fed Load
Since in modern smart grid applications, more complicated loads are often used, here, a dc/dc buck converter connected to the output of the rectifier in parallel with the resistive load, as shown in Fig. 9 , is tested. The buck converter is controlled using a traditional PI controller to regulate the output voltage V l at 200 V. The parameters of the load converter are L sb = 2.2 mH, r sb = 0.5 Ω, C b = 300 μF, and R Lb = 150 Ω.
While the dc output voltage of the rectifier is regulated at V ref dc = 300 V, the reactive power reference changes from 0 to 100 Var at t = 0.2 s and returns to 0 after 0.4 s. As it is shown in Fig. 10(a) , both the dc output voltage and the reactive power are regulated at their reference values, whereas the load voltage V l is maintained at the desired value. At the time instant t = 1 s, the load R Lb of the buck converter is changed from 150 to 50 Ω, which increases the injected power, since the voltage of the load is maintained constant, and consequently the rectifier current. However, since the proposed controller guarantees a currentlimiting property, the current I rms approaches its maximum value and the dc output voltage of the rectifier slightly drops to maintain the maximum power of the device. In this way, the rectifier is protected at all times, which is the main goal of the proposed controller, while the load voltage is maintained at its reference value. The load of the buck converter returns to its original value 0.4 s later. The time response of the rectifier currents and the controller states are shown in Fig. 10(b) . Note that due to the buck converter dynamics and the PI controller used, the desired load voltage V l remains constant with almost no visible variations for the entire operation. The controller states w d , ws dq and w q , woperate once again exclusively on the ellipse W 0 , as illustrated in Fig. 10(c) , verifying the theory developed in the paper.
The operation of the rectifier under a sudden disconnection and reconnection of the load (transition from nominal-load to no-load conditions and vice versa) is shown in Fig. 11 . It is observed that the current limitation is maintained at all times. The slower response of the rectifier during the reconnection of the load compared to the case of the linear load (see Fig. 8 ) is due to the buck converter dynamics and the PI controller used for the regulation of the load voltage. 
VI. CONCLUSION
A nonlinear controller, to inherently limit the current drawn from the grid by a three-phase rectifier, was proposed, in addition to achieve accurate output voltage regulation and reactive power control, using the nonlinear model dynamics and the generic dq transformation. The current-limiting property of the proposed controller does not depend on the system parameters and was maintained for both linear and nonlinear loads used in smart grid applications. An analytic framework for selecting the controller parameters was presented and a small modification of the controller was also proposed to guarantee the desired current limitation in the LCL filter case. The desired performance was extensively tested using a real-time simulation system with different types of loads.
However, it is clear from (25) that I rms (t) < U rms max{U rms } I max rms , which means that the maximum value of the current will be below I max rms as required but drop when U rms drops. Further research is required to maximize the current capability of the three-phase current-limiting rectifiers in order to support the grid under faults, i.e., by injecting a higher value of reactive power as imposed by the grid codes. Future research will also include the experimental implementation of the proposed technique under different types of loads (e.g., constant current, constant power), the improvement of the transient response and the complete investigation of the system nonlinearities, including internal clock delays, modulation, etc.
